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Superfluid phases of quark matter. II. Phenomenology and sum rules
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We derive sum rules for a uniform, isotropic superfluid quark-gluon plasma with massless quarks, first
laying out the phenomenological equations obeyed by a color superconductor in terms of macroscopic observ-
ables such as the superfluid mass and baryon densities, and the electric and magnetic gluon masses, and then
expressing these quantities in terms of equilibrium correlation functions. From the transverse part of the long
wavelength baryon current-momentum correlation function we derive an exact expression for the superfluid
baryon density, and from the longitudinal part, anf-sum rule. From the transverse part of the long wavelength
color current-current correlation function we derive the superfluid Meissner mass, and from the longitudinal
part, the Debye mass. These masses constrain integrals of the transverse and longitudinal parts of the gluon
propagator over frequencies, and provide self-consistent conditions for a solution to the gap equation beyond
weak coupling.

DOI: 10.1103/PhysRevD.65.014022 PACS number~s!: 12.38.Mh
hib
he
g

el
b
m
b

g-
n
r

th
an
th
m
ui
io
n

-
e

h,
th

at
u

an
u
y

ro
he
r

ss

-

ns
f a
m-
s.

of

t
as
a

er-

her-
of

s-
ent
y

5

Dense degenerate quark matter is expected to ex
color superconductivity in the color-antitriplet channel; t
predictions are based on a weak coupling analysis of the
equation@1–8#, as well as Ginzburg-Landau theory@2,9#. In
possible physical realizations in neutron stars and ultrar
tivistic heavy-ion collisions, such a superconductor would
in a strongly coupled, color-singlet state. The equilibriu
properties of such superconducting matter have yet to
clarified in detail. In the strong coupling regime, Ginzbur
Landau theory delineates the possible phase diagrams
the critical temperatureTc , but quantitative predictions fo
the fundamental parameters of the theory are lacking.

In this paper we derive exact sum rules obeyed by
transverse and longitudinal momentum-momentum
baryon current-momentum correlation functions and
gluon propagator,D, in color superconductors. The su
rules, which are related to the linear response of the eq
brated many-body system to a current-inducing perturbat
connect the long wavelength behavior of the correlatio
with macroscopic observables@10,11#. Such observables in
clude the superfluid mass density, the superfluid baryon d
sity, and the magnetic mass or inverse penetration dept
addition to quantities such as the charge conductivity and
Debye screening length that play a role in the normal st
These sum rules act as self-consistency conditions that m
be satisfied by approximate theories of thermodynamics
correlations in the superconducting state. To derive the s
rules we first set up the phenomenological equations obe
in a relativistic superfluid plasma in terms of the mac
scopic observables, and then turn to the expressions for t
observables in terms of correlation functions. We conside
uniform, isotropic color superconductor of three-flavor ma
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0556-2821/2001/65~1!/014022~7!/$20.00 65 0140
it

ap

a-
e

e

ear

e
d
e

li-
n,
s

n-
in
e

e.
st
d

m
ed
-
se
a
-

less quarks at finite temperature,T, and baryon chemical po
tential,mb , and use units\5c51.

I. PHENOMENOLOGY OF RELATIVISTIC SUPERFLUIDS

Let us first review the phenomenological equatio
obeyed by the baryon current and momentum density o
relativistic superfluid plasma in nondissipative hydrodyna
ics, linearized about equilibrium with small velocitie
Through these equations we derive the relativistic relation
the superfluid mass density,rs , and the superfluid baryon
density,ns , quantities familiar in the nonrelativistic contex
@12#. Consistency of the hydrodynamic equations dictates
well the form of the superfluid acceleration equation in
relativistic superfluid. The extension of the relativistic sup
fluid hydrodynamic equations, Eqs.~6!–~8!, ~10!, and ~12!
below, to arbitrary velocities may be found in@13#.

The momentum density,g (gi52T0i , the off-diagonal
components of the stress tensor!, is given in terms of the
~small! velocitiesvs of the superfluid andvn of the normal
components by

g5rsvs1rnvn , ~1!

where rs is the superfluid mass density,rn is the normal
mass density, andrs1rn5r1P, wherer is the total mass
density in the system at rest~the internal energy! andP is the
pressure. That the superfluid velocity is an independent t
modynamic degree of freedom is a fundamental property
the paired state. In non-relativistic superfluids,r1P reduces
to mn, wherem is the rest mass of the carriers, of densityn;
relativistically one must retain the contribution of the pre
sure in the momentum density. Similarly the baryon curr
is given in terms of the normal and superfluid velocities b

jb5nsvs1nnvn , ~2!
1-
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where ns is the superfluid baryon density,nn the normal
baryon density, andns1nn5nb , the total baryon density.

The superfluid mass density and superfluid baryon den
are closely related. As we derive below,

rs5mbns , ~3!

while the normal density obeys

rn5mbnn1Ts, ~4!

wheres is the entropy density. The latter follows from E
~3! together with the relation for the thermodynamic intern
energy density,r5mbnb1Ts2P. Thus

g5mbjb1Tsvn . ~5!

The basic hydrodynamic equations for the superfluid
the equations of momentum and baryon conservation, an
entropy flow. In linearized hydrodynamics,g is driven by
pressure gradients according to

]g

]t
1“P50. ~6!

Baryon conservation reads as usual,

]nb

]t
1“• jb50. ~7!

Since the entropy in a superfluid system is carried only
the normal fluid, in the absence of dissipation, the entro
density obeys

]s

]t
1“•~vns!50. ~8!

Furthermore, to second order in the flow velocities, the c
served energy density,E5T00, is given by

E5
rs

2
vs

21
rn

2
vn

21r, ~9!

and the equation for conservation of energy is

]E

]t
1“•g50. ~10!

To derive Eqs.~3! and~4!, we explicitly calculate the time
derivative of Eq.~9!, keeping only terms of second orde
and use the above equations, together with the usual
variation,dr5mbdnb1Tds, and the Gibbs-Duhem relation
“P5nb“mb1s“T, to find

]E

]t
1“•~mbjb1Tsvn!

5~ jb2nbvn!•“mb1rs~vs2vn!•
]vs

]t
. ~11!
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Identifying the energy current with the momentum dens
we see thatg is given by Eq.~5!, from which Eqs.~3! and~4!
follow.

In addition, the right side of Eq.~11! must vanish identi-
cally. Eliminating jb there by means of Eq.~5! we find as a
necessary condition for this term to vanish thatvs obeys the
superfluid acceleration equation,

mb

]vs

]t
1“mb50. ~12!

The superfluid acceleration equation follows directly fro
the fact that the baryon chemical potential and superfl
velocity are given in terms of the phasef of the order pa-
rameter by

2

3
mb52

]f

]t
, ~13!

and

2

3
mbvs5“f. ~14!

The factor 2/3 is the baryon number per pair. We recall t
the order parameter takes the formCab f h(x)
[^ca f(x)c̄bh

C (x)&5uCab f h(x)ueif(x), where ca f is the

spinor for quarks of colora and flavorf, andca f
C [Cc̄a f

T is
the charge-conjugate spinor in the Pauli-Dirac represe
tion. In a non-relativistic system, the firstmb in Eq. ~12! and
in Eq. ~14! become simply the rest mass,m, of the carriers.

An important consequence of Eq.~14! is that the circula-
tion is quantized according to

R dl•
2

3
mbvs52pn, ~15!

where the integral is around any closed path andn is an
integer.

II. MOMENTUM AND BARYON CURRENT
CORRELATION FUNCTIONS

We now derive the phenomenological superfluid densi
rs andns microscopically in terms of momentum and baryo
current correlation functions, which characterize the line
response of the system to external disturbances, in partic
here, a Galilean transformation. Consider the situation,
lowing Ref. @11#, in which an infinitely long cylinder con-
taining a color superconductor moves very slowly with u
form velocity v along its axis, which we take to be alongẑ.
We assume that the normal component is in equilibrium w
the walls, so thatv becomes the normal velocity, and that th
superfluid component remains at rest.

The response of the system to this motion of the walls
be described in terms of thetransverseresponse to a static
long wavelength perturbation,*d3rg(r )•v, where the mo-
mentum density operator is
2-2
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gi5(
a f

ca f
† S 2 i“ idab2

g

2
lab

a Aa i Dcb f1(
a

~Ea3Ba! i ;

~16!

the Am
a are the color gauge fields, with field tensorsFmn

a

5]mAn
a2]nAm

a2g fabgAm
bAn

g as well as field strengthsEi
a

5Fa
i0 andBi

a52 1
2 e i jkFa

jk , g is the color coupling constant
and thelab

a are the Gell-Mann matrices.
The induced baryon current is given by

^ jb&v5 lim
k→0

xT
[ jg]~k,0!v, ~17!

where the baryon current operator isjb5 1
3 (a fc̄a fgca f , and

xT
[ jg] (k,0) is the transverse component of the bary

current–momentum density correlation function@14#,

x i j
[ jg]~k,z!5E

2`

` dv

2p

^@ j bi ,gj #&~k,v!

z2v
. ~18!

We write here, for general operatorsa(r ,t) andb(r ,t),

^@a,b#&~k,v!52 i E d3~r2r 8!E
2`

`

d~ t2t8!

3e2 ik•(r2r8)eiv(t2t8)^@a~r ,t !,b~r 8,t8!#&,

~19!

where^•••& is the ensemble average at givenT andmb . The
retarded commutator is given by taking the limit ofz ap-
proaching the real axis from above in Eq.~18!.

Comparing Eqs.~17! and~2! we see then that the norma
baryon density is given in terms of the transverse bar
current–momentum density correlation function by

nn5 lim
k→0

xT
[ jg]~k,0!. ~20!

This equation is effectively a sum rule obeyed byxT
[ jg] .

Similarly, the induced momentum density is given in term
of the transverse momentum density-momentum density
relation function by

^g&v5 lim
k→0

xT
[gg]~k,0!v, ~21!

where for complex frequency,z,

x i j
[gg]~k,z!5E

2`

` dv

2p

^@gi ,gj #&~k,v!

z2v
. ~22!

Thus, Eq.~21! with ~1! yields the transverse sum rule,

lim
k→0

xT
[gg]~k,0!5mbnn1Ts. ~23!

To derive the longitudinal versions of the sum rules~20!
and~23! we suppose instead that the cylinder is still long b
finite with closed ends. Then the superfluid component flo
01402
n
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together with the normal component, leading to^ jb&v5nbv
instead ofnnv. In this situation, the linear response analy
yields @11#

^ jb&v5 lim
k→0

xL
[ jg]~k,0!v. ~24!

We thus obtain thef-sum rule

xL
[ jg]~k,0!5nb , ~25!

as uku→0. Note that thef-sum rule~25! can be directly de-
rived, for generalk, from the baryon conservation law~7!
and the equal time commutation relatio
^@ j b0(r ,t),g(r 8,t)#&52 inb“d(r2r 8), where j b0

5 1
3 (a fca f

† ca f . This sum rule can be rewritten in terms o
xL

[gg] as

lim
k→0

xL
[gg]~k,0!5mbnb1Ts5r1P. ~26!

To derive this result we calculateg from Eq.~5! to first order
in v5vn5vs , using^ jb&v5nbv and the fact that the entrop
term is explicitly first order inv.

The four sum rules~20!, ~25!, ~23!, and ~26! relate the
total and superfluid baryon densitiesnb andns , and the long
wavelength behaviors of the correlation functionsxT

[ jg] ,
xL

[ jg] , xT
[gg] , and xL

[gg] . At T50, as in ordinary supercon
ductors, longitudinal first sound modes, the only low-lyin
excitations for colors and flavors involved in the pairin
contribute only toxL

[ jg] andxL
[gg] , and hencens.0 @11#.

III. COLOR PHENOMENOLOGY AND COLOR CURRENT
CORRELATION FUNCTIONS

Color superconductors have the property of screening
color magnetic fields, the color Meissner effect. Followi
the line of argument of Ref.@11#, we consider the linear
response of the system to an applied static long wavelen
transverse color magnetic field,Aext

g (r )5Aext
g (k)eik"r, where

k•Aext
g (k)50. The external fieldAext

g produces currents o
various colors,b, which in turn induce color fieldsA ind

b (r );
the total color field isAb5Aext

b 1A ind
b . In the static long

wavelength limit, the induced transverse color currents
given in terms of the total transverse color field by the Lo
don equation,

^ jaT~r !&A
ext
g 52~mM

2 !abAb~r !, ~27!

where mM is the magnetic mass matrix, non-zero in t
paired state. The inverses of its eigenvalues are the le
scales on which color magnetic fields are screened in
superconductor.

To linear order inAext, the long wavelength induced cu
rents are given microscopically by

^ jbT~r !&A
ext
g 52 lim

k→0
xT

bg~k,0!Aext
g ~r !, ~28!
2-3
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wherexT is the transverse part of the color current-curre
correlation function,

xmn
ab~k,z!5E

2`

` dv

2p

^@ j m
a , j n

b#&~k,v!

z2v
, ~29!

and the color current operator for gluonic indexa is

j m
a5

1

2
g(

ab f
c̄a flab

a gmcb f2g fabgAbnFmn
g . ~30!

The linearized field equation forA ind
b ,

“3~“3A ind
b !5^ jbT~r !&A

ext
g , ~31!

implies that the total color field is

Ab~k!5@~«T!21#bgAext
g ~k!, ~32!

where«ab
T (k) is the static transverse color dielectric fun

tion, defined by

@~«T!21#ab~k!5dab2xT
ab~k,0!/uku2. ~33!

One can write«ab
T (k) in terms of the screened correlatio

function, x̃T
ab(k,0)[xT

ag(k,0)«gb
T (k) ~the irreducible

bubble!, as

«ab
T ~k!5dab1x̃T

ab~k,0!/uku2. ~34!

The magnetic mass matrix is thus given in terms ofx̃T by

~mM
2 !ab5 lim

k→0
x̃T

ab~k,0!. ~35!

The transverse screening lengths are closely related to
superfluid baryon densityns . We may see the explicit rela
tion nearTc , where we derived the equilibrium propertie
utilizing general Ginzburg-Landau theory@9,15#. Within
color and flavor antisymmetric pairing channels having z
total angular momentum, even parity, and aligned chira
which include the two-flavor and color-flavor locked conde
sates as optimal states, we obtain the London equation
the induced current densities~28! as~see Appendix and@15#!

^ jaT~r !&A
ext
g 52KTS g

2D 2

Re$Tr@„~la!* f11f1la
…

3„~lb!* f11f1lb
…

†#F%Ab~r ! ~36!

with the coefficient

KT5
9ns

4mbTr~f1
† f1!F

. ~37!

Here (f1)ab f h is the pairing gap of the quark of colora and
flavor f with that of colorb and flavorh, and the subscriptF
denotes the gap calculated for the paired quarks lying on
01402
t

he

o
,
-
or

e

Fermi surfaces; for a color neutral system, the Fermi ener
reduce to a single valuemb/3 asT approachesTc . The rela-
tion ~37! is basically that obtained by Josephson@16#, rs
5A'(m/\)2uCu2, for superfluid He II. Equations~27! and
~36! then yield the relation between the magnetic mass,
superfluid baryon density, and the order parameter nearTc :

~mM
2 !ab

5
9g2ns

16mb

ReTr@„~la!* f11f1la
…„~lb!* f11f1lb

…

†#F

Tr~f1
† f1!F

.

~38!
For the color-flavor locked phase, where (f1)ab f h

5kA(da fdbh2dahdb f), we obtain

KT5
3ns

16mbukAuF
2

, ~39!

and

~mM
2 !aa5

3g2ns

8mb
. ~40!

Similarly, for the two-flavor channel, where (f1)ab f h
5e f hseabcdc (s, the strange flavor!,

KT5
9ns

16mbuduF
2

, ~41!

and

~mM
2 !aa5H 0, a51,2,3,

9g2ns/16mb , a54,5,6,7,

3g2ns/4mb , a58.

~42!

In contrast with the behavior of transverse color field
color longitudinal fields are screened in both the normal a
superconducting states. Longitudinal color charge corre
tions act to expel low frequency longitudinal color fields
in the response of nonrelativistic electron systems to an
ternal longitudinal electromagnetic field@10#. We can see this
behavior by simply replacing the transverse external fi
Aext

g above with a slowly varying longitudinal one, satisfyin
k3Aext

g (k)50, with time dependencee2 i (v1 ih)t ~here, v
.0 andh is a positive infinitesimal!. Then, as in the deri-
vation of Eq.~32!, we obtain, for the total color longitudina
fields in a gauge where the scalar fieldsA0

g vanish,

Ab~k,v!5@~«L!21#bgAext
g ~k,v!, ~43!

where «ab
L (k,v1 ih)[dab2x̃L

ab(k,v1 ih)/uku2, with the

screened correlation functionx̃L
ab(k,v1 ih)5xL

ag(k,v
1 ih)«gb

L (k,v1 ih), is the longitudinal color dielectric

function. ~Here it is more convenient to writex̃L
ab[x̃00

ab , in
contrast to the definition of the longitudinal part in@14#.!
2-4
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In the static long wavelength limit, the longitudinal co
relation function reduces to minus the square of the elec
mass tensor,

lim
k→0

x̃L
ab~k,0!52~mE

2 !ab ; ~44!

then Aa(k,0)→uku2(mE
22)abAext

b (k,0), so that the total lon-
gitudinal field is screened in the long wavelength limit. In t
opposite limit of spatially uniformity, with slow variation in
time,

lim
v→0

lim
k→0

~v/uku!2x̃L
ab~k,v1 ih!5~vp

2!ab , ~45!

where vp
ab is the plasma frequency matrix; in this lim

Aa(0,v)→2v2(vp
22)abAext

b (0,v).
NearTc , the square of the plasma frequency is given

the sum of normal and superconducting contributio
(vp

2)ab5dabvp
21(mM

2 )ab ~see Appendix!; in weak cou-
pling, vp

25g2mb
2/18p21g2T2/2 @17# and KT

57z(3)nb/16p2Tc
2mb @2,18#, wherez(3)51.202 . . . is the

Riemann zeta function. The deviation ofvp
ab from dabvp

below Tc comes from the fact, as clarified by Rischkeet al.
@7,19# for the two-flavor channel, that the condensa
changes the color dielectric properties in such a way that
color superconductor is transparent to the low energy glu
having color charge associated with the two colors carried
a Cooper pair. In weak coupling,mE

ab reduces aboveTc to
the usual Debye massA3vpdab @17#. Below Tc , however,
mE

ab generally deviates from the normal Debye mass, du
the modification of the color dielectric properties by the co
densate@7,19#. Just belowTc , (mE

2)ab behaves as 3vp
2dab

23(mM
2 )ab ~see Appendix!.

The relations of the Meissner and Debye screen
masses,mM andmE , to the color current-current correlatio
functions can be cast in terms of sum rules obeyed by
gluon propagator,

Dmn
ab~r t,r 8t8!52 i ^T@Am

a~r ,t !An
b~r 8,t8!#&. ~46!

Since this propagator dominates the infrared structure of
gap equation@6#, the sum rule constraints on the propaga
are important to take into account in constructing a s
consistent solution to the gap equation through inclusion
polarization effects of the superconducting medium.

The transverse propagatorDT , with spectral representa
tion,

DT
ab~k,z!5E

2`

` dv

2p

BT
ab~k,v!

z2v
, ~47!

is related to the transverse part,x̃T
ab(k,z), of the irreducible

current-current correlation function by

~DT
21!ab~k,z![dab~z22uku2!2x̃T

ab~k,z!. ~48!
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Thus takingz50 and the limit of smalluku, we derive the
transverse sum rule,

lim
k→0

E
2`

` dv

2p

BT
ab~k,v!

v
5~mM

22!ab . ~49!

Similarly, the longitudinal propagator,DL5D00 in the ra-
diation gauge, has the spectral representation,

DL
ab~k,z!5

1

uku2
dab1E

2`

` dv

2p

BL
ab~k,v!

z2v
, ~50!

and is given in terms of the longitudinal part of the irredu
ible current-current correlation function by

~DL
21!ab~k,z!5dabuku22x̃L

ab~k,z!. ~51!

Again in the static long wavelength limit, we find the long
tudinal sum rule:

lim
k→0

S 1

uku2
dab2E

2`

` dv

2p

BL
ab~k,v!

v D 5~mE
22!ab . ~52!

In the normal state the sum rules~49! and~52! reproduce
the results analyzed by Pisarski and Rischke@6# in terms of
the spectral representation up to one-loop order. The Me
ner masses vanish in the transverse sector; Landau dia
netism leads only touku2 corrections, and not a nonzer
screening mass in the limitk→0. The right side of Eq.~49!
is replaced bydablimk→0uku22 to leading order ing, as in
Ref. @6#. The longitudinal sector contains the usual Deb
screening, which is characterized by (mE

2)ab53vp
2dab to

leading order ing.
Rischke @7# explicitly calculated the zero temperatur

low frequency, long wavelength limit of the color curren
current correlation function for the two-flavor and colo
flavor locked condensates to leading order ing. Repeating
his calculations for three flavors, we find the screen
masses~with no sum overa),

~mE
2 !aa53~mM

2 !aa5
2128 ln 2

18
vp

2 , a51, . . . ,8

~53!

for color-flavor locking, and

~mE
2 !aa5vp

2 , ~mM
2 !aa50, a51,2,3,

~mE
2 !aa52vp

2 , ~mM
2 !aa5vp

2/3, a54,5,6,7, ~54!

~mE
2 !8853vp

2 , ~mM
2 !8852vp

2/9

for the two-flavor channel in which only quarks of colorR
and G, which couple to gluons ofa51,2,3, undergo BCS
2-5
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pairing.1 ~The choice of the two colors involved in the pai
ing is arbitrary under the constraint of overall color neutr
ity.! The screening masses depend on color charge on
the two flavor condensate, because there the order param
is anisotropicin color space in contrast to that in the colo
flavor locked condensate. How static transverse scree
influences the pairing gap compared with Landau damp
of color magnetic gluons@20# depends sensitively on th
gluon energies and momenta controlling the pairing gap@7#.

Weak coupling calculations ignoring the effects of the s
perconducting medium yield the logarithm of the gap@4–6#,

ln~D/mb!523p2/A2g25 lng1•••. ~55!

The weak coupling solution is not self-consistent in the se
that it satisfies the sum rules~49! and ~52! with the masses
mE

ab5A3vpdab andmM
ab50, corresponding to the thermo

dynamics of the weakly interacting normal gas@6#. As
Rischke@8# showed to one loop order, the superconduct
medium significantly modifies the gluon self-energy from t
normal medium value only in the energy rangeuvu&D,
which is not sufficient to change the logarithm of the g
from Eq.~55! up to subleading order ing. On the other hand
a self-consistent solution that satisfies the sum rules~49! and
~52! with masses given by Eqs.~53! and~54! would include
contributions in all orders. The sum rules thus provide
check on approximate theories for the pairing gap bey
weak coupling.

In summary, we have derived the transverse and long
dinal sum rules for a color superconductor that is unifo
and isotropic in ordinary space. In doing so we have brou
out the relation of the long wavelength behaviors of t
momentum-momentum, baryon current-momentum,
color current correlation functions to macroscopic quantit
such as the superfluid density and the Meissner and De
masses, as well as the relevance of the sum rules for
gluon propagator to the self-consistent solution to the
equation. The sum rules hold for any number of flavors a
quark masses. It is straightforward to extend the pres
analysis for color current-current correlations to the case
which the electric currents coexist with the color currents
this situation the electric currents modify the supercurre
through a mixing of color and electric charge~see, e.g., Refs
@15,21#!.

1The Debye and Meissner masses~54!, calculated for a three-
flavor system, are different from those obtained by Rischke@7# for
a two-flavor system. This difference stems from the fact that i
three-flavor system the third flavor~e.g., strange!, while not partici-
pating in pairing, contributes to the Debye masses (mE

2)aa; the
square of the normal plasma frequencyvp

2 is proportional toNf , the
number of flavors in the system. The masses~54! can thus be de-
rived by multiplying the Debye and Meissner masses given in Ta
I of the first paper in Ref.@7# by a factor 2/3 due toNf and adding
to the resultant Debye masses the third-flavor contributiondabvp
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APPENDIX: THE GINZBURG-LANDAU REGION

In this appendix, we summarize the derivation of the Lo
don equation~36! nearTc , for color and flavor antisymmet
ric pairing channels having zero total angular momentu
even parity, and aligned chirality; full details will be given i
Ref. @15#. In the presence of applied weak color field
Aext

am(x), of very long wavelength and low frequency, th
resultant gradient of the order parameter adds a small cor
tion to the homogeneous part of the Ginzburg-Landau f
energy derived in Ref.@9#. Up to second order in the gap
this energy correction is

Vg5
1

2
KTTr@~Dif1!†Dif1#F1

1

2
KLTr@~D0f1!†D0f1#F ,

~A1!

where the covariant derivative is Dmf1[]mf1

2 1
2 ig@(la)* f11f1la#Am

a with the total color fieldsAm
a .

The time dependence of the gap is, by definition, measu
with respect to that in the equilibrium phase, i.e., with r
spect to the phase factore22imbt/3 arising in the order param
eter from Eq.~13! ~see Ref.@9#!. As we show here, the co
efficient KT is given by Eq.~37!. The coefficientKL is not
necessarily equal toKT since Lorentz invariance is broken i
a many particle system. In weak coupling,KL reduces to
3KT @7#. As required,Vg is invariant under globalU(1)
gauge transformations and flavor rotations, as well as un
local colorSU(3) gauge transformations.

To derive the dependence of the coefficientKT on the
superfluid baryon densityns , Eq. ~37!, we consider the situ-
ation in the absence of color fields, in which the pairs mo
uniformly with small constant velocityvs and the normal
fluid remains at rest. The phase factor of the gap in the fi
frame transforms byf1→eiP•rf1 , whereP is the total pair
momentum. The total momentum of the superfluid is the

3nsP/25rsvs . ~A2!

In this situation,

Vg5
1

2
KTP2Tr~f1f1

† !F . ~A3!

Following de Gennes@22# and Wölfle @23#, we then obtain
the baryon current density from the usual canonical equa
for the gradient energy density~A3! as

j s5
2

3

dVg

dP
5

2

3
KTTr~f1

† f1!FP. ~A4!

a
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Using Eq. ~A2! to eliminateP, and Eqs.~2! and ~3!, we
derive Eq.~37!. Note that the extra time variation of the ga
leads to terms inVg of orderP4, which play no role here.

The color current densities induced by the applied we
color fields nearTc are composed of the superfluid and no
mal contributions,j s

am and j n
am . The superfluid color current

can be calculated as

j s
am5

dVg

dAm
a

52@KT1dm0~KL2KT!#
g

2
Im$Tr@„~la!* f1

1f1la
…

†]mf1#F%1@KT1dm0~KL2KT!#S g

2D 2

Am
b

3Re$Tr@„~la!* f11f1la
…„~lb!* f11f1lb

…

†#F%.

~A5!
I

er

01402
k

Equation~A5! reduces to the London equation~36! for ap-
plied static transverse color fields when the spatial variat
is of sufficiently long wavelength that we can ignore the te
containing]mf1 .

We conclude this appendix by considering the linear
sponse to applied longitudinal color fields nearTc . For static
color fields of very long wavelength the induced color de
sity j s

a0 can be obtained from Eq.~A5! as j s
a0

5(KL /KT)(mM
2 )abAb0 wheremM

2 is given by Eq.~38!. In
weak coupling, this color density, together with the norm
contribution 23vp

2Aa0, leads to the square of the Deby
screening mass matrix, (mE

2)ab53vp
2dab23(mM

2 )ab . For
uniform color fields varying very slowly in time, we calcu
late the induced supercurrent from Eq.~A5! as j s

a5

2(mM
2 )abAb, wheremM

2 is again given by Eq.~38!. Com-
bining this supercurrent with the induced normal curren
2vp

2Aa, we obtain the square of the plasma frequency m
trix, (vp

2)ab5dabvp
21(mM

2 )ab .
e-
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